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Abstract. This article is concerned with the Zakharov-Kuznetsov equation 
(0.1) dtu + dx^u + udxU = 0. 

We prove that the associated initial value problem is locally well-posed in 
H^(M2) for s > i and globally well-posed in H'^{m X T) and in H=(R») for 
s > 1. Our main new ingredient is a bilinear Strichartz estimate in the context 
of Bourgain's spaces which allows to control the high-low frequency interactions 
appearing in the nonlinearity of HO. 11 1. In the case, we also need to use a 
recent result by Carbery, Kenig and Ziesler on sharp Strichartz estimates for 
homogeneous dispersive operators. Finally, to prove the global well-posedness 
result in M.^ , we need to use the atomic spaces introduced by Koch and Tataru. 

1. Introduction 
The Zakharov-Kuznetsov equation (ZK) 
(1.1) dtU + dx^u + udxU ^ 0, 

where u = u{x,y,t) is a real-valued function, t e R, a; € R, y € K, T or and 
A is the laplacian, was introduced by Zakharov and Kuznetsov in ^ to describe 
the propagation of ionic-acoustic waves in magnetized plasma. The derivation of 
ZK from the Euler-Poisson system with magnetic field was performed by Lannes, 
Linares and Saut [10] (see also [13] for a formal derivation). Moreover, the following 
quantities are conserved by the flow of ZK, 



(1.2) M{u) ^ J u{x,y,tydxdy, 
and 

(1.3) Hiu) - {\Vu{x,y,t)f - ^u{x,y,tf)dxdy. 

Therefore and are two natural spaces to study the well-posedness for the 
ZK equation. 

In the 2D case, Faminskii proved in [3] that the Cauchy problem associated to 
()1.1|) was well-posed in the energy space i?^(R^). This result was recently improved 
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by Linares and Pastor who proved well-posedness in _ff^(M^), for s > 3/4. Both 
results were proved by using a fixed point argument taking advantage of the dis- 
persive smoothing effects associated to the hnear part of ZK, foUowing the ideas of 
Kenig, Ponce and Vega 7 for the KdV equation. 

The case of the cyhnder M x T was treated by Linares, Pastor and Saut in |12) . 
They obtained weU-posedness in H^{M. x T) for s > |. Note that the best results 
in the 3D case were obtained last year by Ribaud and Vento [H] (see also Linares 
and Saut [13 for former results). They proved local well-posedness in H''{M.'^) for 
s > 1 and in bI'^(M.^). However that it is still an open problem to obtain global 
solutions in K X T and R^. 

The objective of this article is to improve the local well-posedness results for the 
ZK equation in and M x T, and to prove new global well-posedness results. In 
this direction, we obtain the global well-posedness in H^{R x T) and in H^{R^) for 
s > 1. Next are our main results. 

Theorem 1.1. Assume that s > ^. For any uq G H'^{M?), there exists T = 
7"(||wo||//0 > and a unique solution of (jl.ip such that u(-,0) = uq and 

(1.4) u e c([o,r] : i?"(M2)) nxj'^+ . 

Moreover, for any T' £ {0,T), there exists a neighborhood U of uq in i?'*(R^), such 
that the flow map data-solution 

(1.5) S:voeU^vG C([0,T'] ; H' {M.'^)) D X'^:,^^ 
is smooth. 

Theorem 1.2. Assume that s > 1. For any Uq £ H'^(R x T), there exists T = 
T{\\uo\\h=') > and a unique solution of (jl.ip such that m(-,0) = Uq and 

(1.6) u G C([0,r] : i7"(R X T)) nXj'^+ . 

Moreover, for any T' £ {0,T), there exists a neighborhood U of Uq in iJ*(R x T), 
such that the flow map data-solution 

(1.7) S:vo£U^v£ C([0,T'] -.H^Rx T)) n X^,^^ 
is smooth. 

Remark 1.1. The spaces X^^ are defined in Section [2] 

As a consequence of Theorem II. 2[ we deduce the following result by using the 
conserved quantities M and H defined in (|1.2I) and (|1.3I) . 

Theorem 1.3. The initial value problem associated to the Zakharov-Kuznetsov 
equation is globally well-posed in H^(M x T). 

Remark 1.2. Theorem ll.3l provides a good setting to apply the techniques of Rousset 
and Tzvetkov [TB], [T7] and prove the transverse instability of the KdV soliton for 
the ZK equation. 

Finally, we combine the conserved quantities M and H with a well-posedness 
result in the Besov space -62'^ and interpolation arguments to prove : 

Theorem 1.4. The initial value problem associated to the Zakharov-Kuznetsov 
equation is globally well-posed in H^(M.^) for any s > 1. 
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Remark 1.3. Note that the global well-posedness for the ZK equation in the energy 
space iJ^(R'^) is still an open problem. 

The main new ingredient in the proofs of Theorems 1 1 . 1 [ [L^ and \TM is a bilinear 
estimate in the context of Bourgain's spaces (see for instance the work of Molinet, 
Saut and Tzvetkov for the the KPII equation [M] for similar estimates), which al- 
lows to control the interactions between high and low frequencies appearing in the 
nonlinearity of (ll.ip . In the case, we also need to use a recent result by Carbery, 
Kenig and Ziesler on sharp Strichartz estimates for homogeneous dispersive opera- 
tors. This allows us to treat the case of high-high to high frequency interactions. 
With those estimates in hand, we are able to derive the crucial bilinear estimates 
(see Propositions 14.11 and 15.11 below) and conclude the proof of Theorems 11.11 and 
ll.2l bv using a fixed point argument in Bourgain's spaces. To prove the global well- 
posedness in we follows ideas in [1] and need to get a suitable lower bound on 
the time before the norm of solution doubles. To get this bound we will have to 
work in the framework of the atomic spaces J7| and Vj introduced by Koch and 
Tataru in [5]. 

We saw very recently on the arXiv that Griinrock and Herr obtained a similar 
result [5] in the case by using the same kind of techniques. Note however that 
they do not need to use the Strichartz estimate derived by Carbery, Kenig and 
Ziesler. On the other hand, they use a linear transformation on the equation to 
obtain a symmetric symbol + rf in order to apply their arguments. Since we 
derive our bilinear estimate directly on the original equation, our method of proof 
also worked in the R x T setting (see the results in Theorems 11.21 and II. 3p . 

This paper is organized as follows: in the next section we introduce the notations 
and define the function spaces. In Section 3, we recall the linear Strichartz estimates 
for ZK and derive our crucial bilinear estimate. Those estimates are used in Section 
4 and 5 to prove the bilinear estimates in and M x T. Finally, Section 6 is devoted 
to the M.^ case. 

2. Notation, function spaces and linear estimates 

2.1. Notation. For any positive numbers a and 5, the notation a ^ b means that 
there exists a positive constant c such that a < cb. We also write a ^ b when 
a ^b and b a. If a € M, then q;+, respectively a_, will denote a number slightly 
greater, respectively lesser, than a. If A and B are two positive numbers, we use 
the notation A h B = min{A,B) and Ay B = max(^, B). Finally, mesS* or \S\ 
denotes the Lebesgue measure of a measurable set S of R", whereas #F or \S\ 
denotes the cardinal of a finite set F. 

We use the notation |(x,?;)| = ^/ix"^ + for {x,y) G R^. For u — u{x,y,t) e 
S(R^), 3^{u), or u, will denote its space-time Fourier transform, whereas 3^xy{u), 
or (1/)^"=", respectively ^((m) = (u)^', will denote its Fourier transform in space, 
respectively in time. For s e R, we define the Bessel and Riesz potentials of order 
—s, J" and _D^, by 

.ru^3^-y'{{l + \i^,fi)\^)ij,yiu)) and D^u ^ J-^ t^WS'.yiu)) . 

Throughout the paper, we fix a smooth cutoff function i] such that 

VeC^iR), 0<77<1, r?| 1 and supp(??) C [-8/5, 8/5]. 
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For fc e N* = Z n [1, +00), we define 

HO = m - </'2^(?,/^) := </>(2-1(^,m)I). 

and 

By convention, we also denote 

0i(^,m)='7(I(C,/^)I), and ^i(^,^,r) =rKr-(f 

Any summations over capitalized variables such as N, L, K or M are presumed to 
be dyadic with N, L, K or M > 1, i.e., these variables range over numbers of the 
form {2'' : k e N}. Then, we have that 

^0Ar(e,M) = l, supp(0w)c{^7V< < ^iV}=:/jv , ^>1, 

N 

and 

supp(</)i) C < ^}=:^i- 

Let us define the Littlewood-Paley multipliers by 

(2.1) PNU^J-y'{cj)N%y{u)), QlU = J-1(^lJ(m)). 

Finally, we denote by e~^^^^ the free group associated with the linearized part 
of equation (|l.ip . which is to say, 

(2.2) ^^,y{e-'^^^^)i^,^^) = e'*-(«^'') J,,(^)(^, a*), 
where w(^, /i) = C'^ + (.fJ.^- We also define the resonance function H by 

(2.3) 71(^1,^1,^2,^2) = w{^i + ^2,A*i + M2) - ^{(,1,^1) - W{^2,f^2)- 
Straightforward computations give that 

(2.4) i7(a, A*i, 6, M2) = 366(6 + 6) + ^2f^l + aA*2 + 2(a + 6)^1^2. 

We make the obvious modifications when working with u — u{x, y) for (x, y) € 
R X T and denote by q the Fourier variable corresponding to y. 

2.2. Function spaces. For 1 < p < 00, LP(M^) is the usual Lebesgue space with 
the norm || • \\lp, and for s G R , the real- valued Sobolev space i7'*(R^) denotes 
the space of all real- valued functions with the usual norm ||u||_ffa = || J'*u||i2. If 
u = u{x,y,t) is a function defined for {x,y) G R^ and t in the time interval [0,T], 
with T > 0, if i? is one of the spaces defined above, 1 < p < 00 and 1 < q < 00, we 
will define the mixed space-time spaces L^B^y, L^B^y, L%yL^ by the norms 

Ml'^b., = [j^ \\u{;-Mldtf , \\u\\^.s..^ = [jju{;;t)rBdt)\ 

and 

MlI^lI = \uix,y,t)\Pdtydx 

if 1 < p, q < 00 with the obvious modifications in the case p = +00 or q — +00. 

For s, & G R, we introduce the Bourgain spaces X*-'' related to the linear part of 
(jl.ip as the completion of the Schwartz space §(R^) under the norm 

1 

(2.5) \\u\\xs,.^(f {r-w{^,^,)f''{\{^,^,)\f^m,^,,r)fd^d^,dr 
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where (x) := 1 + |a;|. Moreover, we define a localized (in time) version of these 
spaces. Let T > be a positive time. Then, if m : x [0, T] C, we have that 

||w||^s,6 = inf{||{t||xs.6 : ?i : x R C, u|r2x[o,t] = '^l- 

We make the obvious modifications for functions defined on (x, y, e R x Z x R. 
In particular, the integration over £ R in (j2.5p is replaced by a summation over 
g e Z, which is to say 

(2.6) II^^IU.. = {^jjT-w{£,,q)f\\{tq)\Y^m,q,r)\''d^dT 
where w(^, q) = S,^ + £,q^- 

2.3. Linear estimates in the X'^'^ spaces. In this subsection, we recall some 
well-known estimates for Bourgain's spaces (see [31 for instance). 

Lemma 2.1 (Homogeneous linear estimate). Let s e R and b > ^. Then 

(2.7) h(t)e-*^==^/|U=,. < WIWh^ . 

Lemma 2.2 (Non-homogeneous linear estimate). Let s e R. Then for any < 

(2.8) ||r;(i)^*e-(*-*''^^^ff(i')di'||;,.4+^ ^ llffll^.,-^.. . 
Lemma 2.3. For any T > 0, s G R and for all — ^ < b' < b < ^, it holds 

(2.9) \\u\\^^.' <T'>-''\\u\\^^^.. 

3. Linear and bilinear Strichartz estimates 

3.1. Linear strichartz estimates on M^. First, we state a Strichartz estimate 
for the unitary group {e^*^^"^} proved by Linares and Pastor (c./. Proposition 2.3 
in HI]). 

Proposition 3.1. Let < e < i and < 9 < 1. Assume that {q,p) satisfy p — 
and q = g(^2+t) • '^^s^; ''^s have that 

(3.1) WDje-'^-'^ipU,^.^ < 

for all ifeL^{M.^). 

Then, we obtain the following corollary in the context of Bourgain' spaces. 
Corollary 3.2. We have that 

for all u e 

Proof. Estimate p.ip in the case e = and ^ = | writes 

(3.3) |!e-*^^^^L5^^ < II^IU. 

for all E L^(R^). A classical argument (see for example [3]) yields 
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which imphes estimate p.2|) after interpolation with Plancherel's identity ^ = 

||m||xco. □ 

In [5], Carbery, Kenig and Ziesler proved an optimal L^-restriction theorem for 
homogeneous polynomial hypersurfaces in M.^. 

Theorem 3.3. Let T{£^,fi) = /n, r2(^, /i)), where is a polynomial, homo- 

geneous of degree d >2. Then there exists a positive constant C (depending on (p) 
such that 

r — 

(3.4) (/ \fm,^^))?\Kn{^,^^)\^d^d^^Y <C\\f\\L.,., 

for all f e L-^^^iR^) and where 

(3.5) \Kn{C,^i)\^\detHessni^,^l)\. 

As a consequence, we have the following corollary. 

Corollary 3.4. Let \Ka{D)\i and e**^'^^ be the Fourier multipliers associated to 
\Kn{C,fi)\^ and e^*"(«'''), i.e. 

(3.6) %y{\Kn{D)\i^y^,f,) = \Kn{^,fi)\i%y{^){^,fi) 
where \Kfi{£_, is defined in p. 51) . and 

(3.7) J,,(e^*"(^)^)(C,A*) - e^*"(«''')j,,(v.)(^,/i). 
Then, 

(3.8) |||i^f^(i?)|*e'"^(^)^||^, <II^I|l^ 
for all ipe L^{R^). 

Proof. By duality, it suffices to prove that 

(3.9) / \Kn{D)\h^'''^^^^ix,y)fix,y,t)dxdydt<MLi\\f\\^./.. 
The Cauchy-Schwarz inequality implies that it is enough to prove that 

(3.10) [ \Ka{D)\h-^'''^''^f{x,y,t)dt < ||/||^./3 

in order to prove estimate p.9p . But straightforward computations give 

J,. J / \Kn{D)\K~''''^''^ fdt){^,^i) = c\Kn{i,^i)\^y,,y,t{f){^,^i,m,^i))^ 
so that estimate (|3.10|1 follows directly from Plancherel's identity and estimate 

Now, we apply Corollarv l3.4l in the case of the unitary group 6^*^=""^. 

Proposition 3.5. Let |if(Z?)|5 he the Fourier multiplier associated to \K{^,pL)\^ 
where 

(3.11) \m,^J)\ = \'^e-^Ji^\ 

Then, we have that 

(3.12) \\\K{D)\h-'^-'^4^, <\WU. 
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for all if e Lp'iM?), and 

(3.13) \\\K{D)\^n\\^,^^^<\\u\\^,^^ 
for all u e X^'^- + . 

Proof. The symbol associated to e~*^"^^ is given by w{(,,fi) = ^"^ + ^/i^. After an 
easy computation, we get that 

detHessu;(^,^) =4(3^^-^^)^ 
Estimate p.l2p follows then as a direct application of Corollary 13.41 

□ 

Remark 3.1. It follows by applying estimate p.ip with e = 1/2— and 6 = 2/3+ 
that 

for all (p £ L^(M^), which implies in the context of Bourgain's spaces (after inter- 
polating with the trivial estimate ^ = ||u||xo,o) that 

(3.14) II^I^^IU^„,< 11^11^0,3., 
for all u G X°^i + . 

Estimate p.l3p can be viewed as an improvement of estimate p.l4p . since outside 
of the lines |^| = "^jIa^I' allows to recover 1/4 of derivatives instead of 1/8 of 
derivatives in L*. 

Remark 3.2. it is interesting to observe that the resonance function H defined in 
(EH) cancels out on the planes (^i = 6 - ^) and - ^, 6 - -^). 

3.2. Bilinear Strichartz estimates. In this subsection, we prove the following 
crucial bilinear estimates related to the ZK dispersion relation for functions defined 
on and M X T X K. 

Proposition 3.6. Let Ni, N2, Li, L2 be dyadic numbers in {2'^ ; k E N*} U {1}. 

Assume that ui and U2 are two functions in i^(R'^) or i^(R x T x M). Then, 

\\{PNiQliUi){Pn:,Ql2U2)\\l^ 

(3.15) 

< {Li A L2)HNi A N2)\\PN^QL^Ul\\L2\\PN,QL,U2\\L^ 

Assume moreover that N2 > 4:Ni or Ni > 4A^2. Then, 

1 1 (fjVi Ql 1 Wl ) (-PaTs Qi2 "2 ) 1 1 L2 

(3.16) (Ni A No)^ 1 1 

< AT ^,AT (L.y L2)HL,AL2y^\\PN,QL^U,\\i^4PN,QL,U2\\L2. 
iVi V iV2 

Remark 3.3. Estimate p.l6p will be very useful to control the high- low frequency 
interactions in the nonlinear term of (jl.ip . 

In the proof of Proposition 13.61 we will need some basic Lemmas stated in [T3]. 

Lemma 3.7. Consider a set A C M x X , where X = RorT. Let the projection on 
the ^ axis be contained in a set / C M. Assume in addition that there exists C > 
such that for any fixed £ I Ci X , |A n {(^,Mo) : Mo G A}| < C. Then, we get 
that |A| < C\I\ in the case where X — R and |A| < C(|/| + 1) in the case where 
A = T. 
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The second one is a direct consequence of the mean value theorem. 

Lemma 3.8. Let I and J be two intervals on the real line and f : J M be a 
smooth function. Then, 

(3.17) mes{x G J : f{x) e 1} < . 

mfcej |/'(0I 

In the case where / is a polynomial of degree 3, we also have the following result. 

Lemma 3.9. Let a ^ 0, b, c be real numbers and L be an interval on the real line. 
Then, 

\L\i 

(3.18) mes{x€J : ax'^ + bx + c e L} < 

\a\2 

and 

(3.19) #{g e Z : + feq + ce /} < + 1. 

\a\2 

Proof of Provosition \3.6[ We prove estimates (|3.15p - (|3.16l) in the case where {x, y, t) G 
'E? . The case (a:,y,t) G M x T x R follows in a similar way. The Cauchy-Schwarz 
inequality and Plancherel's identity yield 

IK^Vi Qli Ml ) (^^ATa <3l2 "2 ) 1 1 
(■3 20) = \\{PNtQLtUi)^ ★ (PjV2Ql2U2)^|1l2 

< sup \A^f,^r\^\\PN^QL^Ui\\Li\\PN^QL.,U2\\L'^, 

where 



?,M.r ={(6,^*1, n) e : |(Ci,mi)I e /wi, |(C-Ci,m-mi)I e /w^ 

In - w(6,Mi)l e Ili, |t- ti - w(^ - - ^i)| e /i^j . 

it remains then to estimate the measure of the set A^^^^r uniformly in (f , /i, r) G R'^. 
To obtain (|3.15p . we use the trivial estimate 

\A^^.A < (Li AL2)(iVi A7V2)', 

for aU (^,/i,T) e R^. 

Now we turn to the proof of estimate (I3.16p . First, we get easily from the triangle 
inequality that 

(3.21) \A^^,r\<{LlAL2)\B^^^r\, 

where 

5«,M,r =l(ei,Mi) eM' : |(a,Mi)l e /at,, |(e-a,M-m)l e 

(3.22) 

|t - wi^,ii) - i/(ei,e - ci, Ml, M - m)i < ^1 V L2} 

and i/(^i, ^2, Ml, Ai2) is the resonance function defined in (|2.4p . Next, we observe 
from the hypotheses on the daydic numbers A^i and N2 that 

7^(^1,^-6, Ml, M-m) = |3e?+/i?"(3(e-ei)' + (M-Mi)')| >(iViViV2)' . 



BILINEAR STRICHARTZ ESTIMATES FOR THE ZK EQUATION AND APPLICATIONS 9 



Then, if we define i?^^^t^r (mi) = {^i G K : £ ^c^^i^r}, we deduce applying 

estimate p.l7p that 

for all III £ M. Thus, it follows from Lemma l377l that 



(3.23) 

Finally, we conclude the proof of estimate p.l6p gathering estimates p.20p - p.23p . 

□ 

4. Bilinear estimate in M x M 
The main result of this section is stated below. 
Proposition 4.1. Let s > ^. Then, there exists S > such that 

(4.1) l|5.(HII;,.,-^+.. < \\u\\^.,.^M\^s.i+S, 

for all u, w : ^ R such that u, v £ X'''i+^ . 

Before proving Proposition 14. 1[ we give a technical lemma. 
Lemma 4.2. Assume that < a < 1. Then, we have that 

1(6+6,^*1+^*2)1' 

<||(a,A*i)P-|(6,M2)n+/(a)max{|(a,A*i)lM(6,M2)P}, 
for all {^i,tii), (6,^2) e R^ satisfying 

(4.3) (l-a)^\/3|e.| < l^d < (l-a)-3V3|ed, fori ^1,2, 
and 

(4.4) ^1^2 < and ^1^2 < 0, 

and where f is a continuous function on [0, 1] satisfying limc,_>.o f{<^) = 0. also 
recall te notation |(6a*)I — \/ 36 + m' . 

Proof. If wc denote by ux = (6, Mi), "2 = (6, A*2) and (wi, M2)e = 3$i^2 + M1M2 the 
scalar product associated to | • | , then ()4.2p is equivalent to 

(4.5) |mi + W2I' < lluiP - \U2\^\ + /(a) max |u2p}. 
Moreover, without loss of generality, we can always assume that 

(4.6) $1 > 0, /ii > 0, 6 < 0, A*2 < and > \u-2.\. 
Thus, it suffices to prove that 

(4.7) (ui+U2,W2)e < ^|uiP. 

By using (|4.3p and (j4.4p . we have that 

(Ul + M2, U2)e = 3(^1 + $2)6 + (M1 + ^2)^*2 

^^■^^ < 6(6 + 6)6 - 3a66 + 3((1 - «)-! - l)e| 

On the other hand, the assumptions 6 > 0, 6 < 0, I'^'-il ^ l'"2| and (|4.3p imply 
that 

(4.9) 6 = 161 > (1 - 5(«))I6I = -(1 - 5(a))6 
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□ 



with 

g{a) = l-{ 7- — ^ — ^ 0. 

' V2 + 3((l - - 1)/ "^0 

Thus, it foUows gathering (|48l) and (|4Jt that 

(wi + U2, U2)e < 65(«)e2 - 3<i6 + 3((1 - a)-' - 1)^2', 

which iinphes (j4.7p by choosing 

/(a) ^ 12.g(a) + 6a + 6((1 - a)-^ - l) ^ 0. 

Proof of Proposition \4-l\ By duahty, it suffices to prove that 

(4-10) i:^MliJMliJMli^,, 

where 

u, V and -w are nonnegative functions, and we used the following notations 
(4.11) 

r|:^^'^^ -lel(l(e,M)r(^)-^+''(l(6,Ml)l)-^(^l)-^-'(l(6,M2)l)-^(a2)-^-^ 

= d£,d£,idfidfiidTdTi, ^2 = £. - /"2 = M ^ A^ii T2 = t - ti, 
(j = T-w{^,^) and (Ti = Ti - z = 1,2. 

By using dyadic decompositions on the spatial frequencies of u, v and w, we 
rewrite / as 

(4.12) ^N,NuN,, 

Ni,N2,N 

where 



In,Ni,N2 = / ^eur'''PN'w{^,fi,T)PN,u{^i,fJ,i,Ti)PN^v{^2,fJ-2,T2)diy. 

Since /i) = (^1, /ii) + (^2, we can split the sum into the following cases: 

(1) Low X Low — > Low interactions: Ni < 2, N2 < 2, N < 2. In this case, we 
denote 

Ill^l = ^ In,Ni,N2- 

N<4,Ni<4,N2<4 

(2) Low X i/ig/i ^ iJi^/i interactions: 4 < iV2,A^i < ^2/4 iV2/2 < TV < 
2N2)- In this case, we denote 

IlH^H = ^ In,Ni,N2- 

4<N2,Ni<N2/4,N2/2<N<2N2 

(3) ffig/i X iou; ^ High interactions: 4 < iVi, A^2 < ^i/4 iVi/2 < TV < 
2A^i). In this case, we denote 

Ihl^h = ^ In,Ni,N2- 

4<Ni,N2<Ni/4,Ni/2<N<2Ni 
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(4) High x High Low interactions: 4 < iVi, < 7Vi/4 iVi/2 < 7V2 < 
2Ni) or 4 < iV2, iV < iV2/4 N2/2 < Ni < 2N2) . In this case, we denote 

IhH^L = ^ In,Ni,N2- 

4<Ni,N<Ni/4,N2/2<Ni<2N2 

(5) High x High High interactions: N2 > 4, TVi > 4, N2/2 < Ni < 2N2, 
Ni/2 <N< 2Ni and N2/2 < N < 2N2. In this case, we denote 

IhH^H = ^ In,Ni,N2- 

N2/2<Ni<2N2,Ni/2<N<2Ni,N2/2<N<2N2 

Then, we have 

(4.13) / = Ill^l + Ilh^h + Ihl^h + Ihh^l + Ihh^h- 

1. Estimate for Ill^l- We observe from Plancherel's identity. Holder's inequahty 
and estimate (13.21) that 



(4.14) 



r < II/'_LZi" V II \\fJj^l"V\\ IIP II 



< \\PnM\l4Pn2v\\l4Pnw\\l2, 

which yields 

(4.15) Ill^l<\\u\\MM\l-- 

2. Estimate for Ilh^h- In this case, we also use dyadic decompositions on the 
modulations variables a, ui and cr2, so that 

(4-16) In,Ni,N2 = X! ^n.n'iJ?2' 

where 

^Nn\% = / ^fn^r^^PNQLw{^,fl,T)PN,QLM^l^f^l,'ri)PN2QL2v{£,2,fJ.2,T2)dl'. 

Hence, by using the Cauchy-Schwarz inequality in (^, /i, t), we can bound I^'^^^^^ 

by 

N2N-'L-"^+^^ L-;'^'^ L'^'^'^\\{Pi,,Ql,u){Pn2Ql2v)\\lA\PnQlw\\l-- 
Now, estimate p.l6p provides the following bound for Ilh^h, 

L---+^'L^'L^' N;'^''^^\\Pn^Ql,u\\l4Pn2Ql2v\\l4PnQlw\\l2. 

L,Li,L2 N~N2,Ni<N2/4 

Therefore, we deduce after summing over L, Li, L2, Ni and applying the Cauchy- 
Schwarz inequality in A'^ ~ 7V2 that 

Ilh^h <\\u\\l2 Y \\Pn2v\\lA\Pnw\\l2 

N2 N 

^ llulUHklUHl'^IU^. 

3. Estimate for Ihl^h- Arguing similarly, we get that 
(4.18) Ihl^h<\\u\\Ml4w\\l^- 
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4-. Estimate for Ihh^l- We use the same decomposition as in ()4.16p . By using 

L.Li ,L2 

N,Ni,N2 



the Cauchy-Schwarz inequaUty, we can bound Ij^'^'^ by 



(4.19) L-^+^'lJ 'lJ '^^\\{p;;^^u)iPNQLw)\\^2\\PN2QL.M\L-. 

where f{£_, ^, r) — /(— f , — ^, — r). Moreover, observe interpolating (|3.15p and p.l6p 
that 

\\{P^^,u){PnQlw)\\l2 

(4.20) (iVi AiV)^(i+'') m «^ 

for all < < 1. Without loss of generality, we can assume that L = L V Li (the 
case Li = L V Li is actually easier). Hence, we deduce from ()4.19p and (|4.20p that 
(4.21) 

Now, we choose < ^ < 1 and 6 > satisfying < 29 < s - ^ and < (5 < | . It 
follows after summing (|4.2ip over L, Li, L2 and performing the Cauchy-Schwarz 
inequality in N and A'^i that 

Ihh^l<Y.N;^'-^'''^\\PnM\l^{T.\\P^'^\\1^)'Mi^' 

(4.22) N^ N 

^ ll"l|L2||w||L2||t;||L2. 

5. Estimate for Ihh^h ■ Let < a < 1 be a small positive number such that 
/(a) = j^QQ, where / is defined in Lemma [4.2l In order to simplify the notations, we 
will denote (^, /i, r) = {^q, (Iq, tq). We split the integration domain in the following 
subsets: 

2^1 = {(a,m,Ti,Ai,^,T) . (i_a)^V3|C.| < iMd < (l-a)"^V3|e^l, * = 1,2}, 

2^2 = {(a,m,n,A^,^,T) . (l-a)^y3|C.| < < (l-a)-^y3|C.|, z = 0,l}, 

2^3 = {(a,m,Ti,Ai,^,T) eR6 . (l-a)IV3|C.| < l/i^l < (l-a)-^V3|e.|, i = 0,2}, 
3 

■D4 = \ IJ . 

Then, if we denote by Ihh^h restriction of Ihh^h to the domain T>j , we have 
that 

4 

(4.23) Ihh^h =Y.Ihh^h- 

i=i 

5.1. Estimate for I jf^^^ . We consider the following subcases, 
(i) Case {^1^2 > and fiifJ.2 > O}. We define 

^ {{£.i,fii,Ti,n,£_,T) eVi : > and /ii/X2 > 0} 

and denote by the restriction of Ih^-^h ^'^ domain T>i^i. We 

observe from (j2.4p and the frequency localization that 

(4.24) max{|a|, |ai|, \a2\} > |il(a, Mi, 6, A^2)| > 
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in the region Di,i. Therefore, it follows arguing exactly as in ()4.14|) that 



(4.25) 
(ii) 

©1,2 



(4.26) 



Case {C1C2 > and /ii/i2 < O} or {i^i^2 < and > O}. We define 

= {(6,Aii,n,Ai,?,'r) e Di : 66 > 0, Afi/^2 < or ^1,^2 < 0, ^1/^2 > 0} 

and denote by the restriction of Ihh^h the domain I'i_2- More- 

over, we use dyadic decompositions on the variables a, ai and a2 as in 
(|4.16|) . Plancherel's identity and the Cauchy-Schwarz inequality yield 

Next, we argue as in p.20p to estimate \\{PniQliU){Pn2Ql2v)\\l2 ■ More- 
over, we observe that 



^— (6,4 ~€i,Mi,M-/^i. 



= 2Uia-M26| 



(4.27) 



(4.28) 



(ui) 



(4.29) 



in the region CDi,2. Thus, we deduce from Lemma [??71 estimates p.l7p and 
((3?20l) and ((3:2T|) that 

UPn,Ql,u){Pn2Ql2v)\\l- 

< N-iiLi V L2)HLi a L2)i\\PN^QL^u\\L2\\PN2QLM\L^- 

Therefore, we deduce combining estimates (j4.26p and (I4.27P and summing 
over L, Li, L2 and N ^ Ni ^ N2 that 

^HH^H < l|w|U2||v||i2||u;||i2. 

Case {66 < and 111^2 < O}. We define 

"^1,3^ {{£.i,f^i,Ti,fi,£.,T) eDi : 66 < and ^1^2 < 0} 

and denote by the restriction of Ihh^h the domain 2)1,3. More- 

over, we observe due to the frequency localization that there exists some 
< 7 < 1 such that 

|(6,M2)|' - |(6,/^i)l'| > 7max{|(6,A*i)lM(6,M2)|'} 

in 2)1,3. Indeed, if estimate (j4.29p does not hold for all < 7 < then 
estimate (|4.2I) with /(a) = j^j^ would imply that 

|(6M)l'<^max{|(6,m)lM(6,M2)|'} 

which would be a contradiction since we are in the High x High — > High 
interactions case. Thus, we deduce from (|4.29p that 



3H 

^(6,4-6, Ml, M-Mi) 
96 



l(6,A*2)P-|(6,m)P 



(4.30) 



We can then reapply the arguments in the proof of Proposition 13 .61 to show 
that estimate (|4.27p still holds true in this case. Therefore, we conclude 
arguing as above that 
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Finally, estimates (|425l) . (|428l) and (|430l) imply that 

(4.31) lhH^H<\HL4v\\L4M\L^- 

5.2. Estimate for I^jj^fj and ifj^^H- Arguing as for Ijjfj^fj, we get that 

(4.32) IIh^h + Ihh^h < \H\M\l4M\l^- 

We explain for example how to deal with I^h^h- sufhces to rewrite In.Ni,N2 e^s 

lN.Nt.N2 = / r|'^^^^'"'PArw(^,/i, r)P/v^w(^i,/ii,fi)P/V2t>(^2,Ai2,T-2)rfi>, 
J-D2 ' ' 

where 

dD = d^d^2dfidfi2dTdT2, Ci = 6 - Mi = M2 - M, n = r2 - r, 
and r|^;^^^^'^i is defined as in (|4.1ip . Moreover, we observe that 

H = H{£„ 6 - M2 - m) = -iwfe, M2) - 'iKC; m) - 1^(6 - M2 - m) 
satisfies 



3r +M - (3Ci and 



9iJ 



Therefore, we divide in the subregions {^^1 > 0, /i/ii > 0}, {^^1 < 0, fifii > 0}, 
{^^1 > 0, fijji < 0} and {^^1 < 0, fifli < 0} and use the same arguments as above. 

5.3. Estimate for I%u^H ■ Observe that in the region 2)4, we have 

(4.33) |^2_3^2|>||(^^^^^)|2 |^2„3^2|-^||(^^. ^^.)|2^ 

for at least a combination {i,j) in {0,1,2}. Without loss of generalitj0, we can 
assume that i — 1 and j = 2 in ()4.33p . Then, we deduce from Plancherel's identity 
and Holder's inequality that 

where the operator K{D)i is defined in Proposition 1331 Therefore, estimate p.l3p 
implies that 

(4.34) IIjh^h<Ml4v\\l4M\l^- 

Finally, we conclude the proof of estimate (14. ip gathering estimates (|4.13p , (|4.15l) , 
(I4T7| . (itlSll . Km . (14231) . (I43T1) . (14321) and (lilMl) . □ 

At this point, we observe that the proof of Theorem 1 1 . 1 1 follows from Proposition 
14.11 and the linear estimates (|2.7p , p. 81) and (|2.9p by using a fixed point argument 



in a closed ball of Xr^ ^ (see for example [14] for more details) . 



^in the other cases, we cannot use estimate 113.1311 directly, but need to interpolate it with 
estimate lj3.2|l as previously. 
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5. Bilinear estimate in M x T 
The main result of this section is stated below. 
Proposition 5.1. Let s > 1. Then, there exists 6 > such that 
(5-1) \\dx{uv)\\^,,-i+26 < ||u||^.,i+.||w|i^e,i+., 

for all u, w : R X T X R ^ M such that u, v e X''-i+^. 
Proof. By duality, it suffices to prove that 
(5-2) J^MLlJMLlJwh^^^^^^, 
where 

J ^ / rf„'^''''w(C,g,T)M(Ci,qi,ri)w(^2,g2,T2)di^, 

u, V and w are nonnegative functions, and we used the following notations 
(5.3) 

^|:,:';^^^-lel(l(e,<z)rM-^+''(l(a,<zl)r^(^l)-^-''(l(6,92)r^(a2)-^-^ 

dv = d^d^idrdTi, (.2 =(.-£,!, f?2 = 9 - <?!, T2 = t - Ti, 
cr = T-w{(,q) and (Ti ^ n - w{^i,qi), i ^ 1,2. 

By using dyadic decompositions on the spatial frequencies of w, w and w, we 
rewrite J as 



(5.4) Jn 



,N2 

Ni,N2,N 

where 

Jn,Ni,N2^ y] / ^P'''r''^PNw{^,q,T)Ppf^u{^i,qi,Ti)Ppf^v{^2,q2,T2)dl^. 

Now, we use the decomposition 

(5.5) J = Jll^l + Jlh^h + Jhl^h + Jhh^l + Jhh^h, 

where Jll^l, Jlh^h, Jhl^h, Jhh^l, respectively Jhh^h, denote the Low x 
Low — > Low, Low X LLigh — > Lligh, High x iow Lligh, High x High — >■ Low, 
respectively High x High — > High contributions for J as defined in the proof of 
Proposition 14.11 



Estimate for Jlh~^h + Jhl^h + Jhh-^l- Since Proposition 13.61 also holds in 
the M X T case, we deduce arguing as in (|47T7l) . (|4?T8l) and (|422|) that 

(5.6) Jlh^h + Jhl^h + Jhh^l < ||u||L2||t;||i2||w||i2. 

2. Estimate for Jhh^h ■ We recall that ~ iVi ~ A'2 in this case. We divide the 
integration domain in several regions. 

2.1 Estimate for Jhh-^h in the region ICI < 100. We denote by Jhh^h the 
restriction of Jhh^h to the region |^| < 100 and use dyadic decompositions on the 
variables a, ai, 02 and ^, so that 

(5-7) Jn,NuN2 = X! X! -^Jv'.AfV.JVa.fc' 

fc>0 L,Li,L2 



16 



L. MOLINET AND D. PILOD 



where •/^v AfV k given by the expression 

V / Tf;^^'''^PNQLw{^,q,T)PN^QLM^li<llin)PN2QL2vi^2,q2,T2)dv, 



with £fc = {(C,fi,T,Ti) G R4 . 2-('^+i)l00 < 1^1 < 2-^00}. Thus, by using the 
Cauchy-Schwarz inequahty, we get that 
(5.8) 



J 



N,Ni,N2,k 



<2-^-iVr^L-5+2^Li^ '^2^ '\\{Pn,Ql,uKPn2Ql2v)\\M\l- 



Next, we argue as in p.20p to estimate \\{PN^QLiu){P]y^QL2v)\\L^. Moreover, we 
observe that 



Thus, it follows from Lemma [371 estimates ((3?T8| . ([3:20)) and ((3?2T|) that 

\iPN,QL,u){PN2QL2v)\\L-^ 

< {Li A L2)HLi V L2)'i\\PN,QLM\L4PN2QL2v\\L^. 

Therefore, we deduce combining (j5.8l) and (I5.9P and summing over L, Li, L2, 
N ^ Ni^ N2 and A: e N that 



(5.9) 



Ji 



HH^H ^ l|W||L2||W||i2||u;||i2. 



(5.10) 

2.2 Estimate for Jhh^h in the region |^| > 100, and |^i| A |^2| < 100. We denote 
by J^u^u the restriction of Jhh^h to this region and use dyadic decompositions 
on the variables tr, cti, a2^ so that 

(5.11) Jn,Ni,N2 = X! •^n!nuN2' 

where J^'^^^j^^ is given by the expression 
(5.12) 

X! / ^l]q^^^^PNQLw{S,,q,T)PN^QLiU{S,l,qi,Tl)PN2QL2v{S.2,q2,T2)dv. 

Thus, the Caucy-Schwarz inequality implies that 



(5.13) Jn,n'i!n2 ^ 



-^2 ' \\iPNiQLiU){PN^QL2v)\\L^\\w\\L^, 



where we used the bound |^| < N ^ Ni ^ N2 and s > 1. This time, we observe 
that 

^(c,a,9,9i)| = 2ici>i. 

in order to estimate \\{PniQ Liu){Pn2Q L2^)\\ ■ Then, since |^i|A|^2| < 1, it follows 
from Lemma [3Jl estimates (|3TT9)) . ((3720| and (|3^ that 

1 1 (^'jVi Qli w) (Pat^ (5l2 u) II L2 

(5-14) 

< (Li A £2)5 (1 + (Li V i2)3)||PAriQLiU||LHI^iV2QL2«IU^- 

Therefore, we deduce combining (|5.13p and (j5.14p and summing over L, Li, L2 
and iV ~ iVi ~ A'2 (here we use the Cauchy-Schwarz inequality in Ni) that 

(5.15) JfiH^H < \\u\\M\l-AH\l-- 
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2.3 Estimate for Jhh^h in the region > 100 for i — 1,2,3. We denote by 
JfjH^H restriction of Jhh^h to this region. Once again, we use dyadic de- 
compositions on the variables ct, cti and (72 as in (|5.1ip . In order to simplify the 
notations, we will denote {^,q,T) = {£,o,qo:To). Next, for < J ^ 1, we split the 
integration domain in the following subregions 

^3.1 = {(e,a,T,Ti,(7,gi) e X Z2 : 1^,1 > 100, Vi € {0,1,2} 

and 3(z,j)e {0,1,2} with \m,q,)\^ - \i^,,q,)\^\ > NL^' }, 

3^3.2 = {(e,a,T,Ti,g,gi) e X Z2 : \^,\ > 100, Vz G {0,1,2} 

and \m,q^}\' - m,q,)\'\ < NL'\ V(z,j) G {0,1,2} }. 

and denote by J^h^h^ respectively J^^^H' ^^"^ restriction of Jhh^h to ff's.i, 
respectively 3^3,2- 

2.3.1 Estimate for J^h^h- Without loss of generality, we can assume that 

(5.16) \\{^,q)\'-m,qi)\'\>NL'''. 

By using the Cauchy-Schwarz inequality and the fact that |C| < ~ A^i ^ N2 and 
s > 1, we obtain that 

(5.17) 4;^V,w. ^ L-i+^'L;---'L-^-'\\iP;^,u){PNQLw)\\^,\\PN,QL,v\\L-, 

where fiCq^T) — f{—^T—q,—T). Moreover, we observe arguing exactly as in the 
proof of Proposition 13.61 and by using (|5.16p that 

\\iP^^^u){PNQLw)\\L-- 

< ^ 1 (L, V L)HL, A L)^\\Pn,QlM\l4PnQlw\\l-^. 

Therefore, we deduce combining (|5.17p and (|5.18p and summing over L, ii, L2 
and iV ~ iVi ~ A'2 (by using the Cauchy-Schwarz inequality in N) that 

(5-19) Jhh^h ^ II"IUH|w|UH|w'IIl2- 

2.3.2 Estimate for J^^^h- ^^'^ region 3^3,2, it holds that 
(5.20) \m,q.)\'-\{^,,q,)\'\<NL^', V(z,j)e {0,1,2}. 



Then, we deduce from the definition of H in p.3p . the definition |(^, g)| — \J 3^^ -I- ep 
and the assumptions (I5.20p that 

(5 21) ^1 ' ) = - ^1 - ^2) I (6„ , ) I' - 6eei6 + e(e , Ci , 9, <?i) 

= -6eei6 + e(e,a,9,gi), 

for io G {1, 2, 3} such that | = max{|^j | : j = 1,2, 3} and 0(^, fi, <?, gi) satisfies 

(5.22) |e(e,a,g,<Zl)| < ^ \^r,^ed\NL'''. 

It follows combining (|5.2ip and (|5.22p that 

(5.23) \Hi^Al,q,qi)\ > \Ued\{6\UaMrmn\ ~ NL'^'Y 

Then, we subdivide the region 3^1.2 in the following subregions 

^3.2.1 = {(e,a,T,Ti,g,(ji) e ^1.2 : |Uax||C™„| > NL"^^}, 
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^3.2.2 = {(C,a,T,Ti,g,(Ji) e Jl.2 : \Ua.\\U^n\ < NL^'}, 
321 322 32 

and denote by Jhh^h^ respectively Jhh^hj the restriction of Jhh^h 3^3.2. i, 
respectively 3^3.2.2- 

2.3.2.1 Estimate for Jhh^_^h- Due to ((OS)) . we have that 

(5.24) niax{|cr|, |cri|, \a2\} > \(rmn\\Uax\'^ , 

in 3^3.2.1- Without loss of generalitjQ, we assume that max{|(T|, |tTi|, |(T2|} = l^l- 
Then, by using the Cauchy-Schwarz inequality, we deduce that 

(5.25) Jn:n;!nI < N^h-' L;^-' L-^-'\\iPN,QL,u){PN,QL,v)\\L2\\w\\L^. 

where we used that W^lNj" " {\£,,nax\^\Utn\) = I < 1 for s > 1 and < 5 < 1. 
Moreover, we use that 

S(e,a,'?,gi) -6iei >i, 

Lemma Em estimates ([STTS]) . ([3?20| and ([MT]) lead to 
\\{PniQliU){Pn2Ql2v)\\l^ 

(5.26) 

< N,' (Li A L2)HLi V L2)-^\\Pn,QlM\l4Pn2Ql2v\\l-- 

We deduce combining (j5.25p and (|5.26p and summing over L, Li, L2 and using the 
Cauchy-Schwarz inequality in A^i ^ N2 that 

(5.27) Jhh^-^h ^ l|w||L2||u||i2||u;||i2. 

2.3.2.2 Estimate for J^^\fj. This time, we perform also dyadic decompositions 
in the £,1, £,2 and ^ variables. We denote by Rk the Littlewood-Paley projectors , 
i.e. Rk is defined by Rku — J'^^ [(j){K^^(^)J'x{u)) , for any dyadic number K >1. 
Then, we have that 

(5-28) - E Jn:n;!nMKi,k2,ks), 

100<KiJ<2J<3<N 

where J^''i^_^^^{Ki, K2, K3) is defined by the expression 

Jn:%\-!nMKi,K2,Ks)^ E / ^tV'iPNQLRKw)\tq,T) 



X {Pni QliRki u) ^ (a , gi , Ti ) {Pn2 QL2RK2 v) ^ (6 , q2 , T2)dv. 



By using the Cauchy-Schwarz inequality, we can bound J^''i^_^^^{Ki, K2, K3) by 

(5.29) KK-lK;;,l,N^-^L-i+''L;'--'L2^-'\\{PN,QL,u)iPN,QL^^^^^ 
since KminKmax ^ N L^^ in the region 3^3.2,2. Moreover, noticing that 



dqf 



^In the other cases we need to interpolate 115.2611 with 1 13. 151 1 as previously. 
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Lemma Em estimates ([XTQ]) . ([3?20| and ([33T|) yield 
(5.30) 

I K^Vi Ql 1 u) (fWa Qia f') 1 1 L2 

< {Ki A K2f-{Li A L2)^(l + K--^{Li V L2)^)||PjviQli«||lHI^W2Ql.«||l2. 
Now, we observe that 

(5.31) K{K, A if2)^i^„L^™L < 

Assume witliout loss of generality that Kmin = K- Therefore, it follows combining 
(|5.28l) - (|5.3ip . summing over L, Li, L2 and Kmin and applying Cauchy-Schwarz in 
Ki ^ K2 and in A^i ~ N2 that 

Jfilf-^H ^ X! X! \\PniRkiu\\l2\\Pn2Rk2v\\l^\\Pnw\\l2 

^ E ( E \\PN.RKM\hy{ E \\PN.RK2v\\hy\\wh. 

(5.32) JVi^ATa ifi<Afi K2<N2 

Ni N2 
^ ll"IU2||u||L2||w||i2. 

Thus, we deduce combining (fSTO]) . ([STS]) . ([5T9l) . (fOT]) and ([QS]) that 

(5.33) Jhh^h < l|w||L2||t;||i2||u;||i2. 

^.5 Estimate for Jll^l- We get arguing exactly as in the cases 2.1 and 2.2 that 

(5.34) Jll^l < \\u\\l2\\v\\l2\\w\\l2. 

Finally, we conclude the proof of estimate (I5.ip gathering (15.51) , (|5.6p , (|5.33p and 
(I04| . □ 

We observe that the proof of Theorem 11.21 follows from Proposition 15.11 and the 
linear estimates (|2.7p . p.Sp and (|2.9p by using a fixed point argument in a closed 

ball of X^^^^ (see for example [H] for more details). 



6. Global existence in H''{M.^) for s > 1 

In this section we prove the global well-posedness in H''{M.^) for s > 1. To this 
aim we combine the conservation laws (|1.2I) and (|1.3p . a well-posedness result in 
the Besov space bI'{R^) and follow ideas in [T] (see [H] for the same kind of 
arguments). One crucial tool will also be the atomic spaces U"^ and V'^ introduced 
by Koch-Tataru in [5]. Recall that the Besov space bI'^(R^) is the space of all 
functions g € §'(M'^) such that 

(6.1) llffll^i,! :=^7V||PAr<?|U2 <oo, 

N 

where the Fourier projector P^r is the R'^-version of the one defined in (|2.ip . 

Before stating the local existence theorem let us give the definition of the dou- 
bling time that will appear in the statement of this theorem. Let be given a Cauchy 
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T 



problem locally well-posed in some Banach space B with a minimum time of ex- 
istence depending on the _B-norm of the initial data. For any mq G i? we call 
"doubling time" , the infinite or finite positive real number 

(lio) = supjt > : \\u{6)\\b < 2\\uo\\b on [0,t] } . 

Theorem 6.1. The Cauchy problem associated to (jl.ip is locally well-posed in 
if* (R'^) for s > 1. Moreover, there exists C > such that for any uq £ i/''(R'^), 
the doubling time satisfies 

(6.2) TK) > II ^2 • 

ll"o||„i,i 

^2 

Remark 6.1. The local well-posedness of ZK in H^{M.^) for s > 1 was already proven 
in [15] . The only new result here is the estimate from below of the doubling time. 

With Theorem 16.11 in hand we will now prove the Theorem 11.41 The proof of 
Theorem 16. H is postponed at the end of this section. 

Proof of Theorem 11.41 : Let us fix s > 1. For any g e H^{R^) and any fc > 1 it 
holds 

k— 1 oo 

j=0 ]=k 

< Vfc||.9||ffi-f 2'=(i-«)||g|U. . 



Therefore, taking k — ) -^^ 

(6.3) \\g\\si^^ < Cs (l + Mh- hi + hWf/^ 

for some > 0. 

Now, let uo G W^iK^) and u be the solution of ZK emanating from uq. Combining 
Proposition 16.11 and (16. 3p we get 

C 

- 1 + holl^i ln(l + ll^^olUO ■ 
If T(uo) = +O0 then we are done. Otherwise we set ui := u{T(uo)). In the same 
way as above we have 

C 

^^""'^ - l + \\ui\\l^ ln(l + hi||HO ■ 
Now, from the definition of the doubling time, it holds ||ui||_f/s — 2\\uq\\h'^ and from 
the conservation of the quantities M[u) and H{u) and classical Sobolev inequalities 
we infer that 

\\ul\\]J^<C'E{ul)^C'E{uo) , 
for some positive constant C" independent of ui. Therefore, setting '.— E(uq), 
we obtain 

^"'^ - 1 + C'EoH1 + 2\\uo\\h^) ■ 
Repeating this argument n-times (assuming that all doubling time T{uk), k = 
1, 2, .., n — 1, are finite, since otherwise we are done), we get 

C 1 
^^•^^ ^^""^ - l + C'i^oln(l + 2»||uo|UO - n ' 
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Since V"- = this ensures that for any given T > there exists n > 1 such 
that T{uk) > T and thus the solution is global in time. 

A:=0 

Remark 6.2. Actually, it is not too hard to check that the lower bound ()6.4|) leads 
to a double exponential upper bound on the solution u, i.e. there exists constants 
Ki, if 2 and only depending on ||uo||_ff= such that for all t > 0, 

< ifiexp(A'2exp(if3i)) • 

6.1. Proof of Theorem \6A\ 

6.1.1. Resolution spaces. We start by recalling the definition of the function spaces 
[/2 and (see [9] and [6]). 

Definition 6.2. Let Z be the set of finite partitions —ex = to < ti < ■■ < Ik = 

+0O. For {ifc}f=o e Z and {<pk}kJo C i'(R^) with Y.k^o WMh = 1 and 0o = 
we call the function a : M. i^(M'^) given by 

K 

a C/^-atom and we define the atomic space 



|w = '^j'^j • '^j C/^-atom and G R with \ Xj\ < oo| 
with norm 

C30 CXD 

||u||(72 := inf|^^ : u = Aja^ with Aj G M and Oj J7^-atom| 

The function space V^^ is defined as the normed space of all functions v : 
i^(]R^) such that limt_j.zpoo v{t) exists and for which the norm 

K 



\\v\\v-- ■■= sup - "(^fe-OlliO 



1/2 



is finite, where we use the convention that v{—oo) — limt_>._oo v^t") and w(+cx)) = 0. 

The spaces C/^ and are Banach spaces. They will serve as substitutes of the 
Besov type spaces _B2^^'^(i^(K'^)) and b\I'^''^ {L'^i^y) that where first used in [T^ 
in the context of Bourgain's method. Denoting by Aj the Fourier multiplier bjQ 
(/)(2-'t) for J > 1 and r\(T) for j = 0, these last spaces are respectively endowed with 
the norms 

and 

||M||^i/2,oo,^2,jg3 := sup2^/2||^^.^|j^^^^^^ ^ 

2 V V ;y J>0 



^See Section 2 for the definition of and 77. 
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The crucial point for us will be that, since ^ L^L^, for a smooth function 
ip e C^(M) and any < T < 1, it holds 

(6.5) ||v;(-/r)/|U.(K4)) < Ti/2||/||^., V/ e cr(K^), 

whereas we only have 

This last inequality would lead to a lower bound 

1 



T(uo) 



> 



\uo\\ii.i\H\\uo\\ByW 



of the doubling time that will not be sufficient to get the global existence result. 
This is the reason why we will work with the couple of spaces C/^ and and not 
with the more usual couple of spaces bI^"^''^ {L'^{M.^)) and bI^^''°° {L'^{M.^)). 
Then denoting by S{t) := e~*^=^^ the linear group associated with ZK, we define 
the spaces 

?7| = S{-)U'^ with norm ||w||y2 = \\S{—)u\\u2 

and Vg — S{-)V'^ with norm ||u||y| — ||S'(— v2 . 

The properties of these spaces we need in the sequel are summarized in the following 
propositions (see [(T). 

Proposition 6.3. Let G C^i^) then 

US{-)u4uI<\\M\l-. Vuo€i'(K=^) 

and 

V/ e Q°°(M'*) . 



m / s{t-t')f[t',-)dt' 



< 



sup 



fv 



Proposition 6.4. Let Tq : x • • • x — > L,^q^(M'^;M) be a n-linear operator. 
Assume that for some 2 < p,q < oo, 



\\To{S{-)(f>i,- ■ •,5'(-)(/',0llLf(R;L9(R3)) < . 

i=l 

Then there exists T : x ■ ■ ■ x L^ijS.; Li{R^)) satisfying 

n 

\\T{ui, ■ ■ •,Un)|lLf(R;L<J(R3)) ^ H \\'^i\\u% 

i=l 

such that T{ui, ■ ■ •, w„)(t)(x, y, z) = TQ{ui{t), ■ ■ ■,Un{t))(x, y, z) almost everywhere. 

We are now ready to define our resolution spaces : we denote by y^'^ the space 
of all functions u € §'(R^) such that 

■■=^N\\Pnu\\ui < oo 

N 

and by Y^'^ the space of all functions u E §'(M'*) such that 

11^11^.2 := [Y.^'^^WP^^Wk^' <°°- 

N 
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Here, the Fourier projector Pn is the R'^-version of the one defined in ()2.1|) . i.e. 
Pi localized in frequencies 3^^ + ^i^ + < 1 while for > 2, Pn localized in 
frequencies 3^^ + /i^ + ^ N . 



6.1.2. Local existence estimate. Note that Proposition 16.31 ensures that 

(6.6) llV'(-)'5(>o||yia < hollsi,!, •iuo£Bl-\w'), 
and 

(6.7) U{-)S{-)u4y^.2<\\uo\\h^, yuoEH^W"). 
Moreover, Proposition 16.41 lead to the following estimates in Ug : 
Lemma 6.5. Let ^ e C^(M). For any u £ Ug it holds 

IIV'ulU-i ^ \\u\\u1 ■ 

For any couple u,v £ Ug and any couple {Ni,N2) of dyadic number such that 
Ni > 47V2 it holds 

N2 

W-iPPn^uPnMl^ < j;^\\PnM\u^J\Pn2v\\uI ■ 

Proof. The first estimate is a direct combination of the Strichartz estimate for the 
ZK equation in M.^ (see [13]) 

I1V''S'(-).9I1li(ri) < llffllL2(R3) 
with Proposition 16.41 To prove the second estimate we notice that since 

da 

= |3e? + M? + ^?-(3(C-ei)' + (M-Mi)' + ('/-m)')| > {NiVN^f . 

where H is the resonance function in dimension 3, the R'^-version of the bilinear 
estimate ()3.16|) reads 

(A^i A N-,) 1 1 

UPN^QL^Ul){PN,QL,U2)\\L^ < , , (^1 V£2) M^l A^2) ^ || PjVi Qli^I || || PjV, Ql.M2 || 

Since for ip £ C^{R), g £ L^(M^) and any dyadic number L > 1 it holds 

\\QL^S{-}g\\L2<L-%\\L2 

this ensures that 

\\i^PN,si-)g)i^PM.si-)f)U. < ^y\\^4fu. . 



The desired estimate follows by applying Proposition l6.4l □ 

We are now in position to prove the needed estimates on the retarded Duhamel 
operator. 

Proposition 6.6. For all u,v £ Y^'^ with compact support in time in ] — T, T[ it 
holds 

(6.8) \^(t) I S{t-t')d.^{uv){t')dt' ^^^<T^''^\\u\\yiAHy^.^ ■ 
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For all u,w e F"'^, s > 1, with compact support in time in ] — T, T[ it holds 
(6.9) 

S{t~t')dAuv){t')dt'\^^^^<T^'^(\\ 

Proof. We separate the contribution of X^ATiT^Afs ^^'i "^a^2 ^-^d the one of X]jvi~a'2 '^Pn2 
We use Proposition |631 Lemma [63] and (|6.5p . For the first one we assume without 
loss of generahty that A^i > AN2 to get 



^ ^ iV ijj{t) I S{t-t')d^PN{uv){t')dt' 

N JVi>4Af2 ° 

< sup f ^ Ni\\dx{PNiUPN2v)\\LA\PNiW\\L2 



N^ >AN2 



< sup 

Il"'lllv2=l 



Ni>AN: 



2N2 



Ni 



\Pn,u 



\Pn^v 



^N2V\\ul\\PN^w\\v2 



<T^^'^\\u\\yi.i\\v\\yi,i ■ 

Whereas the contribution of the second one is easily estimated by 



N Ni~N2>N 



ip{t) / S{t~t')d.^PN{uv){t')dt'\ 



sup (^A.^ 

Il^-lllvg^l AT 



< 



\Pn,u\\ 



-'N^U\\u2\\PN2v\\ul\\^N 



Pnw\ 



Ni~N2>N 

<T'/^J2n^^J2^~^^UNi\\PnM\ui){Ni\\Pn.v\\ui) 

Ni l>0 

< ri/2||u||yi,i||w|!yi,i . 

Finally the proof of (|6.9p follows the same lines and thus will be omitted. □ 



Note that the definition of the function space Ug ensures that for any < T < 1 
and any smooth function tp £ (R) it holds 

m-/T)u\\u2<\\u\\u2. Weul. 



Therefore, combining (|6.6p and Proposition [6]6l we deduce that for any < T < 1, 
the functional 

9T{w){t, ■) mS{t)uo - i / S{t- t')d^{^{-lT)wf{t', ■) dt' 







maps yi'i into itself and satisfies 



IISTMIIyi.i < \\uq\\bI-^+T^'^\\w\\1,,, . 

The Banach fixed point theorem then ensures that for T < ||uo||~?_i, St has got a 
fixed point u satisfying < 2||mo||^i,i. This proves the local existence and 

uniqueness in the time restriction space Y^' ^ of the solution u of ZK emanating from 
uq e Bl''^{m?) with a doubling time satisfying The result for uq e H^R^), 

s > 1, follows by noticing that (16.91) implies that St maps as well Y" '^ into itself 
with 

IIStHIIf-^ < \\uoW+t^'^\\w\\y^A\M\y^-^ ■ 
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This completes the proof of Theorem 16.11 
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